In this paper,we study the uniqueness of meromorphic functions concerning differential polynomials , prove two main theorems which generalize and improve some results earlier given by M.L. Fang and W.Hong, I.Lahiri and N.Mandal.
Introduction and results
Let f be a nonconstant meromorphic function defined in the whole complex plane . It is assumed that the reader is familiar with the notations of the Nevanlinna theory such as T (r, f ), m(r, f ), N(r, f ), S(r, f ) and so on, that can be found, for instance in [8] , [5] , [3] .
Let f and g be two nonconstant meromorphic functions defined in the open complex plane C. Let k be a positive integer or infinity and a ∈ {∞} ∪ C.We denote by E k) (a, f ) the set of all a-points of f with multiplicities not exceeding k. If for some a ∈ {∞} ∪ C, E ∞) (a, f ) = E ∞) (a, g) we say that f, g share the value a CM(counting multiplicities). We denote by N k) (r, 1 f −a )(orN k) (r, 1 f −a )) the counting function for zeros of f − a with multiplicity ≤ k(ignoring multiplicities), and by N (k (r, 1 f −a )(orN (k (r, 1 f −a )) the counting function for zeros of f − a with multiplicity at least k(ignoring multiplicities).Set
On the uniqueness of meromorphic functions concerning differential polynomials, Fang and Hong [6] proved the following result. Theorem A-Let f (z) and g(z) be two transcendental entire functions, let n(≥ 11) be an integer. If f n (f − 1)f and g n (g − 1)g share 1 CM, then f ≡ g. I.Lahiri and N.Mandal [4] improved Theorem A and proved the following result. Theorem B-Let f (z) and g(z) be two transcendental entire functions, let n(≥ 11) be an integer.
Naturally, we ask if Theorem B and C hold for some general differential polynomials such as f n (f m − 1)f . We may ask the following queation: is it really possible to relax in any way the nature of sharing 1 in the above results. In this paper, we prove the following two theorems.
m+n , let m , n be two positive integers with n ≥
Remark 1. Let m = 1 in Theorem 1, then n ≥ 15. Obviously, Theorem C is a special case of Theorem 1.
m+n , let m , n be two positive integers with n ≥ 3m + 19.
Remark 2.Let m = 1 in theorem 1, then n ≥ 22. Obviously, Theorem 2 improved Theorem C.
Some Lemmas
For the proof of our result,we need the following lemmas. We denote by h the following function
Lemma 2.1 (see [8] )-Let f be nonconstant meromorphic function, a 0 , a 1 , . . . , a n be finite complex numbers such that a n = 0.Then T (r, a n f n + a n−1 f n−1 + . . . + a 0 ) = nT (r, f ) + S(r, f ) Lemma 2.2 Let f and g be two nonconstant meromorphic functions such that
Proof. We can easily verify that possible poles of h occur at (i) multiple zeros of f, g; (ii) multiple poles of f, g; (iii) zeros of f − 1, g − 1 with multiplicities greater than or equal to 3; (iv) zeros of f which are not the zeros of f (f − 1) and zeros of g which are not the zeros of g(g − 1) . So
where N 0 (r, 1 f ) and N 0 (r, 1 g ) are the reduced counting functions of the zeros of f and g which are not the zeros of f (f − 1) and g(g − 1), respectively.
If z 0 is a common simple 1-point of f and g, we easily see that z 0 is a zero of h. Thus, we have
By Nevanlinna's second fundamental theorem, we get
Noting that
So from (1)-(6), we get
Also we note that
From above, we obtain the lemma 2.2.
Lemma 2.3 Let f and g be two nonconstant meromorphic functions such that
Similarly, as proof of Lemma 2.2, we have
As proof of lemma 2.2, we get
From above, we obtain the lemma 2.3.
Lemma 2.4 (see [7] )-If h ≡ 0, then f and g share 1 CM. Lemma 2.5 (see [1] )-If f and g share 1 CM, then one of the following cases holds:
m+n , let m , n(> m) be two positive integers. If
where a and b are finite non-zero constants, then f ≡ g.
Proof. Let y = g f . If possible, let f ≡ g. We consider the following two cases. Case 1. Let y be a constant, then from (7), we have
It follows that y = 1, y n+1 = 1, y n+m+1 = 1 and f m is a constant. This is impossible. Case 2. Let y be not a constant. Then from (8), we can get
Now we note that any zero of y n+m + y n+m−1 + . . . + 1 is a poles of f m . So from (8), we get n+m k=1 N(r,
where μ k = exp( 2kπi m+n+1 ) for k = 1, 2, . . . , n + m.
So by Nevanlinna's fundamental theorem and (9) and (10), we obtain
where ε > 0 Again putting y 1 = 1 y , noting that T (r, y) = T (r, y 1 ) + O(1), and proceeding as above we get
From (11) and (12), we can get S(r, y) which implies a contradiction for all sufficiently small ε(> 0) because Θ(∞, f) + Θ(∞, g) > 4m m+n . Therefore, f ≡ g and proof of the lemma is completed.
Lemma 2.7 Let f (z) and g(z) be two non-constant meromorphic functions. Then
where m(≥ 1) and n(≥ m + 5) are two integers.
Let z 0 be a 1-point of f m with multiplicity p(≥ 1). Then z 0 is a pole of g with multiplicity q(≥ 1) such that 2p − 1 = (m + n)q + q + 1, that is 2p = (m + n)q + q + 2 i.e. p ≥ m + n + 3 2 .
Let z 0 be a zero of f with multiplicity p(≥ 1) and be a pole of g with multiplicity q(≥ 1) such that (n + 1)p − 1 = (m + n)q + q + 1(p > q). So we get
Therefore, we have (n + 1)p = (m + n + 1)q + 2 > (m + n + 1) · n−1 m + 2 that is,
Moreover, in the same manner as above, we have similar results for zeros of g m − 1 and g.
Since a pole of f is either a zero of g(g m − 1) or a zero of g , we have
Now by Nevanlinna's second fundamental theorem, we obtain
)T (r, g)
Similarly, we can get
Combing (13) and (14), we get
which is a contradiction because n ≥ m + 5, 1 − 2m m+n−1 − 4 m+n+3 ≥ 0. This proves the lemma.
Lemma 2.8 Let f (z) and g(z) be two non-constant meromorphic functions. Let
where m and n are integers and n ≥ m which is a contradiction because n ≥ m + 3.
Therefore c = 0 and so F ≡ G. This completes the proof of lemma 2.8.
Lemma 2.9
Let F and G are defined as in Lemma 2.8, then
Proof. By the first fundamental theorem and Lemma 2.1, we get
Similarly, we can prove (ii). This completes the proof of Lemma 2.9. Lemma 2.10 (see [2] ) Let f be a nonconstant meromorphic function and k a positive integer. Then
Proof of Theorems
We prove Theorem 1.1 only because Theorem 1.2 can be proved using the same method as Theorem 1.1 Proof of Theorem 1.1 Let
We have
Also we set which is a contradiction because n ≥ 3m 2 + 13.
Therefore H ≡ 0 and so by Lemma 2.4, we see that F 1 and G 1 share 1 CM.
In a similar manner as above, we can verify that the following inequality does not hold:
So by Lemma 2.5 , we get F 1 ≡ G 1 or F 1 · G 1 ≡ 1. By Lemma 2.7, we have F 1 · G 1 ≡ 1. Therefore, we get F = F 1 ≡ G 1 = G , then by Lemma 2.8, we have F ≡ G.
Thus, we get f ≡ g by Lemma 2.6. This completes the proof of Theorem 1.1
